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Abstract 

We discuss quantum fluctuations of a class of rotating strings in AdS 5 x5 5 . In particular, we 
develop a systematic method to compute the one-loop sigma-model effective actions in closed 
forms as expansions for large spins. As examples, we explicitly evaluate the leading terms 
for the constant radii strings in the SO (6) sector with two equal spins, the SU{2) sector, and 
the SL{2) sector. We also obtain the leading quantum corrections to the space-time energy 
for these sectors. 
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1 Introduction 



To better understand dynamical aspects of the AdS/CFT correspondence, one may need 
studies beyond the BPS sectors. An important step toward this direction was made in [1]. 
Rotating strings in AdS 5 x 5 5 provide its generalizations, where deeply non-BPS sectors can 
be probed [2] -[9]. (For a review, see [10, 11].) In particular, for a certain class of rotating 
strings, one can find an exact agreement between unprotected quantities on the string and 
the gauge theory sides, which is not necessarily guaranteed by the AdS/CFT correspondence. 
Moreover, the correspondence has been extended, in a unified manner, to that of effective 
theories or general solutions [12]- [15]. 

A clue for understanding this agreement may be the integrable structures on both sides 
(see, e.g., [3, 8], [14]-[20]). A role of a certain asymptotic ("nearly") BPS condition has also 
been pointed out [21]. For large spins, the world-sheets of the rotating strings form nearly 
null surfaces and the strings become effectively tensionless [21, 22], which intuitively means 
that the constituents of the strings appear to be free [23] . However, we do not yet know why 
we find the exact agreement, and why it starts to break down at a certain level [24]. 

In this development, the analysis on the string side tends to be classical because of 
difficulties in the quantization, despite that information of the quantized strings is necessary 
to complete the correspondence. This contrasts with detailed quantum analysis on the gauge 
theory side [11]. As for the quantum aspects of the rotating strings, 1 the one-loop sigma- 
model fluctuations and their stability have been studied for the "constant radii" strings 
[4, 20, 29]. Based on these results, the one-loop corrections to the space-time energy have 
been studied numerically for the 5*0(6) and the 577(2) sectors with two equal spins [30], and 
for the SL(2) sector [31]. Furthermore, the leading correction for the SL(2) sector has been 
matched in a closed form with the finite size correction of the anomalous dimension on the 
gauge theory side [32]. This result can also be extrapolated to the 577(2) sector (with two 
equal spins), up to subtleties of instability. 

In this paper, we discuss quantum fluctuations of the rotating strings in AdS$ x 5 5 . In 
particular, we develop a systematic method to compute the one-loop sigma-model effective 
actions and the corrections to the space-time energy in such backgrounds, so that they are 
obtained in closed forms as expansions for large spins. As examples, we consider the constant 
radii strings in the 5*0(6) sector with two equal spins, the SU (2) sector, and the SL(2) sector, 
and explicitly evaluate the leading terms in the expansion. We note that it is in principle 
possible to carry out the expansion up to any given order. The asymptotic BPS condition and 
the effective tensionless limit seem to be characteristic of the correspondence and useful for 
understanding the string in AdS 5 x 5 5 itself. However, their consequences for the quantum 
string have not been investigated well. Through concrete computations, we can see how they 
work to make the quantum corrections subleading for large spins. 

1 For related works, see, e.g., [25]- [28]. 
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The organization of this paper is as follows. In section 2, we summarize necessary ingre- 
dients to discuss the one-loop fluctuations of strings in AdS$ x S 5 . In section 3, we discuss 
the quadratic fluctuations of the constant radii strings in the 5*0(6) sector with two equal 
spins. We evaluate the fluctuation operators in rotated functional bases, so that the expan- 
sion for large spins becomes well-defined. In the course, we obtain the fermionic fluctuation 
operator for the generic SO (6) sector. In section 4, we develop a large J (total spin) expan- 
sion of the one-loop effective action. We explicitly evaluate the leading term for large J (up 
to and including 0(1/ J)) in a closed form. Essentially the same procedures are applied to 
other sectors in the following sections. We briefly summarize the results for the SU(2) sector 
in section 5, and for the SL(2) sector in section 6. At the leading order, all the one-loop 
effective actions take a universal form, which is proportional to a geometric invariant. In 
section 7, from the one-loop effective actions, we read off the corrections to the space-time 
energy up to and including 0(1/ J 2 ). Comparing the results with the finite size corrections 
to the anomalous dimension on the gauge theory side [32]- [36], we find that the dependence 
on the winding numbers and the filling fractions agree with that of the "non-anomalous" 
(zero-mode) part on the gauge theory side. Relation to the earlier results in the literature is 
also discussed. We conclude in section 8. In the appendix, we summarize how to evaluate a 
constant which appears in the expression of the one-loop effective actions. 

2 Preliminaries 

We consider one-loop sigma-model fluctuations of a certain class of rotating strings in 
type IIB theroy. Here, we summarize our notation and ingredients used in the following 
sections. 

Coordinates 

The metric of AdS$ x S* 5 takes a form 

ds 2 = G^dx^dx" = ds 2 AdSs + ds 2 s5 , 
-ds 2 AdS5 = dp 2 - cosh 2 p dt 2 + sinh 2 p (dQ 2 + cos 2 9 d§\ + sin 2 9 d<j>\) , (2.1) 
— ds 2 g 5 = c?7 2 + cos 2 7 d(j)\ + sin 2 7 (dtp 2 + cos 2 ip d<p\ + sin 2 ip d<j%) . 

To express the rotating string solutions, it is useful to introduce complex variables Z r (r = 
0, 5), so that AdSz, and S 5 are expressed as hypersufaces in flat spaces, \Z \ 2 — \Z^\ 2 — \Z 5 \ 2 = 
1 and \Zi\ 2 + \Z 2 \ 2 + \Z 3 \ 2 = 1, respectively. In terms of the above coordinates, one can set 

Z r . = a r e i(pr , (2.2) 

with 0o = t and 

ai = sin 7 cos ip , a 2 = sin 7 sin ip , a.3 = cos 7 , 

(2.3) 

a 4 = sinh p cos 9 , 05 = sinh p sin 9 , a = cosh p . 
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Bosonic fluctuation 

In the conformal gauge, the bosonic part of the world-sheet action is given by 

S B = J drdarf i G^d i 3fd j x v , (2.4) 

where i,j = (r, a), and i] TT = —r\ aa = +1. A simple way to obtain the fluctuation Lagrangian 
is the geodesic expansion [37]. Introducing a vector y a in the tangent space of the space-time, 
the quadratic fluctuation Lagrangian is given by 

4 2) = -\va b D t y a D l y b -^y a y b e^ d R acbd . (2.5) 

r] a b is the flat ten-dimensional metric with mostly minus signatures. Di and e a are the 
projections of the covariant derivative D p and the vielbein respectively; for example, 
(Diy) a = diX^(d^ + u fl b a )y b with u^ba the connection one-form. For AdS$ x S 5 , the curvature 
R abcd is simple: 

Rabcd = T(VacVbd ~ VadVbc) , (2.6) 

with the minus sign if all indices (a, b, c, d) correspond to AdS§ and the plus sign if (a, b, c, d) to 
S 5 ; otherwise it vanishes. In term of the global coordinate system in (2.1), the non- vanishing 
^i,ab{= diX^u^ab) are, up to the anti-symmetry, 

Uifip = cosh pdiO, u ijtp = 
Ui,<t, 4 e = - sin 98^ , uj iMp 

UJi^y = COS 7C^0 > ^,037 

= - sin^(9i0i , c^ 27 



= — sinh pc/jt , ^i,<f>ip — c °sh p cos 60^4 , 
= cosh p sin 98^ , = cos 98^ , 

= - sin 7<9j0 3 , u;^ l7 = cos 7 cos , 

= cos 7 sin ^(9i0 2 , ^>i,M = cos ^<9j(/> 2 • 



Fermionic fluctuation 

To study the fermionic fluctuations, we use the quadratic fermionic part of the type IIB 
Green-Schwarz (GS) action on AdS 5 x S* 5 [38]. Following the notation in [39], it is expressed 
as 



4 2) = io I ^v ijJK e K , 



(2.8) 



T^ijJK — 0~i 



abode ®~ JK 



( 1 \ /10\ 



Po 



-1 



P3 



-1 
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Here, (6 r ) a (I = 1, 2) are ten-dimensional Majorana-Weyl spinors with 16 components; 
(a a ) a/ 3, (a a ) al3 are 16 x 16 gamma matrices in ten dimensions; their anti-symmetrization 
is given, e.g., by a ab = (a a a b - a b a a )/2, a ab = (a a a b - a b a a )/2. If we label the AdS 5 and S 5 
parts by a, b = (0,6,7,8,9) and (1,2,3,4,5), respectively, the non-vanishing components of 
the five-form are F 067 89 = -P12345 = 4. 

The GS action has the ^-symmetry, the relevant part of which is now 

M a = (*i) a V«tf, (2-9) 

where rf^Kj^ = e^Rjp, $ = 9 1 + i9 2 and Kjp = k^ + ik^. Following [29], we fix this symmetry 
by setting 

e 1 = e 2 . (2.10) 

One can check that this gauge is actually possible for the backgrounds which we consider in 
the following sections. In this gauge, the form of the quadratic Lagrangian is simplified to 

Lf = 2i0 1 D F 6 1 , 

D F = rj ij a i (d j -±w j ^a*)-±e ii a i a.a j , (2.11) 
where a, = a 06789 = a 12345 . 



3 Three-spin rotating string in S 5 

In this paper, we consider classes of the "constant radii" solutions [10], in which a r in 
(2.2) are constant. Bearing in mind possible extensions to more general cases, we develop a 
method to compute one-loop effective actions in a large-spin expansion. In this and the next 
sections, we discuss it in some detail for the constant radii strings with three spins in S 5 , i.e., 
in the 5*0(6) sector. We apply this method to other cases later. 

3. 1 Solution 

The solution which we consider is 

Z = e iKT , Z s = a s e *KT+m.a) ? (3 ^ 

where s = 1,2,3; K,a s ,w s are constant with S s a 2 = 1; m s are integers (when the period 
of a is 2tt). Other fields including fermionic ones vanish. The equations of motion and the 
Virasoro constraints give 

w 2 = v 2 + m 2 (if a s 7^ 0) , 

« 2 = E a sk 2 + m l) , = ^a 2 w s m s , (3.2) 
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with v a constant. Classically, the space-time energy and the three spins in S 5 are given by 

E = V%t , J s = \^\a 2 s w s , (3.3) 

where a/A = R 2 /a' and R is the radius of AdS 5 x S 5 . 

When Ji = J 2 and m 3 = 0, the parameters of the solution become 

wi = w 2 = w , mi = — m 2 = m , ai = a 2 = s 7 / \/2 , 

w 3 = v , m 3 = , a 3 = c 7 , (3.4) 

u/ 2 = z/ 2 + m 2 ? /t 2 = v 2 + 2m 2 s 2 , 

where s x = smx, c x = cosx. In the following, we call this simplified solution the J x = J 2 
three-spin solution. The point-like (BMN) solution in [1] is also obtained by setting a ii2 = 
u>i )2 = mi j2 = m 3 = in (3.1) and (3.2). 

3.2 Bo sonic fluctuation 

Now, let us consider the bosonic fluctuations around the three-spin solution in (3.1). 
Substituting the solution into (2.5), one finds that the fluctuations in the A0IS5 and the S 5 
parts decouple. The contribution to the one-loop effective action from the AdS*, part is then 
represented by the determinant of the quadratic operator, 

K = -V Pq d 2 + K 2 R ptqt , (3.5) 

where p,q = (t, p, 9, 4 , 5 ) or (0,6,7,8,9), and d 2 = rfWidj. This operator describes one 
time-like massless boson and four space-like bosons with mass squared k 2 , as in the BMN 
case. Taking the determinant with respect to the tangent space indices gives 

detD*= -d 2 (d 2 + K 2 ) A . (3.6) 

For the S 5 part, the quadratic term of the connection one- form and the curvature term 
cancel each other, to give 

Dmn = $mnd 2 + 2(u T:tnn d T — Ld a:mn d a ) , (3-7) 

where m,n = (0i, 2 , 3 , ip, 7) or (1, 2, 3, 4, 5), and 

Vl s = 2(w s d T - m s d a ) . (3.8) 

This determinant has been obtained in [20]. Note that we have assumed here that none of 
a s vanishes in order to use the constraints w 2 = v 2 + m 2 . 

Change of functional bases 
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Later, we explicitly evaluate the functional determinant in a large J(= J.s) expansion. 
It turns out that detD^ n in (3.7) has an inappropriate infrared behavior for this purpose. 
Here, we make an SO (5) rotation to avoid it, concentrating on the J\ = J2 three-spin solution 
with (3.4). 

First, we take an orthogonal matrix, 

/ 



V2v 



V 





V 





CyW 





s 7 z/ 


—v 





CryW 





\/2c 7 w 








— V / 2s 7 z/ 











V2v 




















-V2v 



\ 



(3.9) 



with v = w —M and M = s 2 m . By a change of bases using Q m n , the connection one-form 
is brought into a standard form. Namely, defining cui >mn = Q k m u ij kiQ l n , we find that 



We further introduce 



p{— w) 



RZ(r) 



so that R m n satisfies 



V 



p(-v) j 
\ 



p(x) 



x 
-x 



(3.10) 



P(tw) 



P(tv) 



P(x) 



cos x sin x 
— sin x cos x 



(3.11) 



d T R mn LJ T ^ m i : R n 
Then, by an transformation of the form, 

6 = {QR)- l O{QR) , 

the quadratic operator becomes 



(3.12) 
(3.13) 



D 



R k mQ k k'Dki Q l i'R l n 

^mn^ ~~\~ -M mn 2p o - jrm <9 cr , 



(3.14) 



where M mn = diag(0,w 2 ,w 2 ,v 2 ,v 2 ) and p^ mn = R k m&v,kiR l n- After some algebra, we also 
find that 



det t>* 



(d 2 + w 2 ) 2 (d 2 + v 2 ) 2 d 2 
+ 4c 2 k 2 d 2 a d 2 ' 



l + ^)(d 2 + w 2 )(d 2 + v 2 )+Ac 2 k 2 (-) 2 dl 



(3.15) 



v 



+ As 2 k 2 (-) 2 d 2 (d 2 + v 2 ) (d 2 + w 2 )(d 2 + v 2 ) + 4cW 
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3. 3 Fermionic fluctuation 

Now, let us move onto the fermionic part. In order to evaluate the one- loop determinant, 
it is useful to make a rotation of Dp, so that the kinetic term is simplified to take the form 
for two-dimensional fermions [40]. For this purpose, we introduce an element of SO (1,9), 



( 



o 

1-6x6 



i 

M 



V 



« -w s 

M s 
-W kW s /W 
LM 



(3.16) 



where a, b = (t, fa, 2 , 3 , ...); W s = a s w s ,M s = a s m s , W 2 = E S ^ 2 ,M 2 = £ s M 2 ; l 6x6 is 
the 6x6 unit matrix; l Sl = e SlS2S3 M S2 W S3 /MW . This was chosen so that Q-°- = e~ v 'e? for 
% = (0, 1), where <p is defined by the proportionality coefficient between the induced metric, 
hi 



e i eb jVab, and the world-sheet metric through hij = e 2ip r]ij. In our case, e 2ip = M 2 . We 
then transform Dp by the element of 5*0(1,9) corresponding to Q a b , which we denote by 
S(Q). Since S _1 a a S = cr h Q b a and hence 



(3.17) 



this transformation replaces di with Oi in the quadratic operator, to give a desired form. In 
the following, we do not distinguish the indices i and i. After some algebra, we then find 
that 



S- 1 (Q)D F S(Q) = e*D F , 



(3.18) 



where 



Di 



r} lJ <Ji 



= a l di + Wa U5 + 



1 



2MW 



E E E 

a=0,l b=2,3 c=4,5 



abc 



(3.19) 



(a ab )' = S'^S, < = S-^S, and 



«024 = -s 7 c 7 K(c^m 2 + s^mj - m 2 .) , a 124 = (c 7 /s 7 )/tm 3 u? 3 , 
"034 = s^c^u^m^ - m 2 iui) , «i 34 = s 7 s^c v ,m 3 (mi«; 2 - m 2 u>i) , 

"025 = SyS^^mf - to 2 ,) , ai 25 = s 1 s^c^K(miWi - to 2 u? 2 ) , 

"035 = -s 7 c 7 [m 3 wiw 2 - w 3 (4 m i w 2 + 4 m 2^i)] , 

"135 = s 7 c 7 [mim 2 W3 - m 3 (s^miW2 + c 2 h m 2 w 1 )] . (3.20) 



In the above, we have assumed that none of a s vanishes. 
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Since e v is constant, we have now only to evaluate the determinant (pfaffian) of Dp. To 
proceed, we adopt the following explicit realization of the gamma matrices (just to evaluate 
the determinants with respect to the spinor indices): 

o" 1 = t 3 (g) 1 (g) 1 ® 1 , a 4 = r 2 ® Ti ® 1 ® 1 , (J 7 = r 2 ® r 2 ® r 2 <E> r 3 , 

o- 2 = n <g> 1 <g> 1 <g> 1 , a 5 = r 2 <g> r 2 <g> r 3 <g> 1 , a 8 = r 2 <g> r 2 <g> r 2 <g> n , (3.21) 

c 3 = r 2 ® r 3 ® 1 <g> 1 , a 6 = r 2 <g> r 2 ® n ® 1 , <x 9 = r 2 ® r 2 ® r 2 <g> r 2 , 

cr° = a = 1, and a a = —a a (a = 1,...,9), where r a are the Pauli matrices. With these 
gamma matrices, D F takes the form 

/At \ 

= <8> 1 ■ (3.22) 

V A F / 

Denoting by the same symbols the matrices which are obtained by extracting the first two 
matrices in the tensor products in (3.21), for example, a 1 — > r 3 <g> 1, one finds that 



where 



A± = ^T^ + fe^+^+fe^ + fe, 134 , (3.23) 



= 2MW ^° 24 ± ttl35 ' ) ' ^ 2± = 2Miy ( ' Q;i24 ± a ° 35 ' ) ' 
1 1 

A»± = («034 =F «125) , Al± = 2Mly («134 =F «02 5 ) • (3.24) 



From this, it follows that 
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det A± = (d 2 ) 2 + 2V^ 2 <9 2 + 2(£ /5 2 ± )(9 2 + <9 2 ) + 4(/3 1± /3 2± + fo ± (3 i± )d T d a (3.25) 

n=l 

+ (£ ^ ± ) 2 - 4(/3 1± /? 2± + p 3± p 4± ) 2 + 2(/3 2 ± - [3 2 2± - (3l ± + (3l ± )W 2 + W . 

n=l 

The final one-loop contribution of the fermionic sector is then represented by 

pf D F = det A+ det A F . (3.26) 

Given this result, it would be interesting to generalize the analysis in [30, 32] to the generic 
three-spin constant radii solution. 

Change of functional bases 

As in the case of D^ n , it turns out that the form of det A^ in (3.25) is not convenient 
for our purpose. Thus, we make a change of bases again. To this end, we introduce a 4 x 4 
matrix 

R(a) = 1 <g> P(ra) , (3.27) 



8 



with P(x) given in (3.11). One then finds that det R 1 (a)A^R(a) is given just by replacing 
Ps± in (3.25) with /3 3± — a. With this in mind, we define 

A± = J R- 1 (/5 3± )A± J R(/5 3± ), (3.28) 

so that Ps± in (3.25) are set to be zero. This transformation for Ap is not inevitable for our 
purpose, but simplifies later computations. 

Now, we focus on the J± = J 2 three-spin solution. In this case, 

c 7 m(/t ± v) wiy^K) 
~ 2W ' ~~ — 2W — ' ~~ ~~ ' ^ ^ 

and hence 

det A± = («9 2 ) 2 + 2^ 2 <9 2 + 2/3 2 ± (c> 2 + <9 2 ) + ((3 2 1± + W 2 ) 2 . (3.30) 

One can confirm that the original determinants in (3.25) with (3.29) reproduce the charac- 
teristic frequencies obtained in ronl 2 



4 One-loop effective action and large J expansion 

In this section, based on the results in section 3, we consider the one-loop effective action of 
the GS string in the J\ = J 2 three-spin background. For this background, the corresponding 
gauge theory operators have been identified [9], and there exit some parameter regions where 
the fluctuations are stable [20, 29]. We develop a large J (total spin) expansion of the one-loop 
effective action, and compute it in a closed form up to and including 0(1/ J). 

Collecting the contributions from the bosonic, the fermionic and the ghost sectors, the 
one-loop effective action is given by 

gir(1) = Det(A+)Det(A^)Det(-g 2 ) 
Det*(D£)Det*(££J ' 

where Det stands for the functional determinant. To develop a large J expansion, we expand 
the fluctuation operators with respect to v with and m fixed: 



d 2 + n 2 = (d 2 + u 2 ) + 2M 2 , 



det D*Jd 2 = (d 2 + u 2 ) 4 + 2[(2-s 2 ) + 2s 2 ^\m 2 (d 2 + u 2 ) 3 (4.2) 

+ 8c 2 m 2 d 2 a (d 2 + i, 2 ) 2 + • • • , 
detA± = (d 2 + v 2 ) 2 + 2M 2 d 2 + 2(3 2 1± (d 2 + dl) + 2v 2 (M 2 + [3 2 ± ) + ---. 

Note that J = S S J S ~ \f\v and M 2 ~ 2m 2 Ji/J for large v. This expansion is also regarded 
as that with respect to the power of d 2 + z/ 2 , or the power of winding number m. The validity 

2 Precisely, the world-sheet momenta here are integer moded, whereas those in [29] are half-integer moded: 
We have started with an su(2) rotated coordinates [20], and do not need a cr-dependent rotation. 
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of the expansion becomes clear shortly. Denoting the subleading terms for det D^ nn /d 2 and 
det by 5D^ m and <5A^, respectively, and plugging (4.2) into (4.1), we find that the leading 
terms cancel each other. This is a consequence of the asymptotic BPS condition [21], or 
confirms the result for the point-like BMN solution. We are then left with 

ir« = E^itA) (4.3) 



2TV,og(l + ^)-Slog(l 



214 



d 2 + v 2 J 2 to v [d 2 + u 

We would like to evaluate these terms by expanding the logarithms around unity. To 
check if that is possible, we first consider functional traces of the form 

(d 2 ) a (d 2 ) b 

Tr 1 r) 1 a) . (4.4) 

Since we are working with a Lorentzian world-sheet, we define the trace by the standard ie 
prescription. We denote the volumes of the world-sheet time and space by T and 2irL, the 
derivatives d T and d a in the momentum space by iu and ip n = in/L (n G Z), respectively. 
Then, the trace reads iTJ2n 1 an d the o;-integral here picks up the poles on the negative 
real axis. If one can approximate the summation of p n by an integral, one easily finds the 
leading large v behavior of the trace in (4.4) to be 

TL v 2 {c+ L- b -,) ■ (4-5) 

Here, we have to be a little careful about the infrared behavior: The approximation by 
an integral requires that the derivatives of the resultant integrand do not grow too large, but 
this may not hold for p n ~ because of the operator 1/d 2 . Fortunately, in our case, this 
"massless" operator appears always in the combination d 2 /d 2 . From this, one can confirm, 
by evaluating the most singular terms for p n ~ 0, that the infrared behavior does not spoil 
the scaling in (4.5) for the terms which we consider. Using this scaling, we find that the 
expansion of the logarithms in (4.3) around unity actually gives a large v (or J) expansion. 

More precisely, to evaluate the infrared behavior, we first divide the summation over n 
into two parts, i.e., that over \n\ ^ uL and \n\ ^ uL. The latter can be safely approximated 
by an integral by scaling u,p n to uj/v,p n /v. The contribution which can be most singular for 
p n ~ comes from the residue of the pole at uo = —p n , and behaves as J2 n v~ 2d p n +2 ( a+b ~ c K 
Thus, for 2 (c — a — b) — 1 < 0, this is infrared finite and the approximation by an integral is 
allowed. 

The validity of the expansion is confirmed also as follows: The ie prescription implies that 
the functional trace is given by a continuation from the Euclidean case. Then, one can easily 
check that, for large z/, the "subleading" terms in (4.2) are indeed smaller than the leading 
terms (some powers of (d 2 + u 2 )) irrespectively of the values of d 2 a . 
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We remark that if we use D^ m and instead of D^n an d Ap, we encounter the operator 
(<9 2 ) 2 + 4z/ 2 <9 2 instead of (d 2 + v 2 ) 2 for the leading terms, and its infrared behavior prevent the 
expansion of the logarithms for the large J expansion. This is essentially the same problem 
as in [29] (see [30]). In other words, for small d T , (d 2 ) 2 + 4u 2 d 2 can be smaller than other 
"subleading" terms, which invalidates the expansion. 

Also, in general, one has to be careful about conjugation of a differential operator D by a 
time-dependent operator in evaluating the determinant of D. However, the time-dependent 
operators in our case are harmless, since they are rotation operators (e.g., (3.11)) which are 
essentially the same as operators such as e lCT with c a constant. To see this, first note that 
such operators just shift a pair of characteristic frequencies by a constant: uj n — > cu n ± c, and 
these shifts are irrelevant to logDet-D = Trlog-D ~ J2^n', the plus and minus shifts cancel 
each other. One can confirm this by a simple example. For example, by the conjugation 

/ d 2 2vd T \ 

using P(ru), P 1 {tv) \P(tv) = diag (d 2 + z/ 2 , d 2 + v 2 ) and hence 

V -2vd T d 2 J 

Det(<9 4 + 4z/ 2 <9 2 ) = Det(<9 2 + v 2 ) 2 . (4.6) 



The characteristic frequencies of (<9 4 + 4z/ 2 <9 2 ) are u) n = ^Jp^ + u 2 ± z/, whereas those of 
(<9 2 + v 2 ) 2 are to n = Jp 2 t + v 2 with double degeneracy. Thus, the sum of the characteristic 



frequencies is actually the same. Second, note that the rotation operators may not change 
the norm of the functions and hence the Hilbert space. Finally, in the actual calculation, we 
first put a cut-off for large |r| following the standard procedure of field theory. Then, the 
volume of the time T is factored out as in (4.8). Therefore, subtleties about r — > ±oo, if any, 
may not be relevant to the final results. 

We are now ready to evaluate Once the expansion of the logarithms is allowed, the 
problem reduces to an ordinary calculation of an effective action in field theory. In fact, our 
expansion is essentially the same as the large (mass) 2 ~ v 2 expansion which guarantees the 
decoupling of heavy particles. This enables us to systematically compute up to higher 
order terms in the \ jv expansion. One then finds that, up to and including C(l/z/), the first 
expansion of the logarithms is enough, and the terms in the ellipses in (4.2) do not contribute. 
Denoting each term in (4.3) by Ip,lAds 5 an d J55, respectively, they are 

^ irE f^ +7 ^y, i AdS , ~ it ■£ -j== . (4.7) 



neZ 



Vl + V 2 (Pn + V 2 ) 2 



neZ 



(4 - 2 K/ 2 1 12 Pi ( Pi ■ 



I Pi + V 2 7 (Pi + V 2 )* ^ V^ + Z/2 

where (3f + ~ c 2 m 2 , f3f_ ~ at this order. Combining all, we arrive at 

iT (1) iTLM 2 ■ C , (U 
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with 



C 



Lv 2 



1 




- \Pn 



) 



(4.9) 



One can check that C is ultraviolet finite, in accord with [41]. It is also possible to evaluate 
C in a closed form for large v. Summing up the summand as indicated above (namely, 
first summing the terms in the parenthesis for given n and then summing over n) can be 
approximated by integration, and gives C ~ 1/2. We summarize the evaluation of C in the 
appendix. 

Here, there may be some issues to be considered. One is about regularization: Although 
C is finite in the above combination, each term in (4.3) or (4.7) is divergent. (Recall that 
the final result is obtained by (infinite bosonic contributions) — (infinite fermionic contribu- 
tions). ) Thus, one needs to regularize them, and the value of C may change with a different 
regularization. For instance, if we adopt the zeta-function regularization for each divergent 
sum in (4.9), we obtain C ~ —1/2. (See the appendix.) Another related issue is about 
finite renormalization: Since there are infinities in the intermediate steps, one may also need 
to take into account, in general, possible finite renormalization or contributions from finite 
counter terms. In a renormalizable theory, observables do not depend on regularization and 
renormalization procedure. Ambiguities of finite parts are fixed by appropriate renormaliza- 
tion conditions so as to maintain the symmetry. We will return to these issues at the end of 
section 7. 

5 SU(2) sector 

In this section, we consider a class of solutions which is obtained by setting in (3.1) and 



(with Ji 7^ J 2 generally). This has two spins in S* 5 , and is called the SU(2) sector. The 
corresponding gauge theory operators have been identified in [14]. Since w 3 = m 3 = but 
v 7^ generally, one may not use relations such as w 2 = v 2 + m\, which have been used 
so far (even before specializing to the J\ = J 2 three-spin case). Thus, we repeat the same 
procedure from the beginning for this much simpler case, and just display the results. 

Let us begin with the bosonic sector. The fluctuations in the AdS^ part are described by 
(3.5), and its determinant by (3.6). For the S 5 part, the quadratic operator takes the form 



where the non-vanishing cjj i?nn are coi^^ = — a2<9j0i , u;^^ = a\di$i] N mn is a diagonal 
matrix with = N^ z< p 3 = u 2 and others zero. This is different from the corresponding 



(3.2) 



a 3 = w 3 = m 3 = 



(5.1) 




$mnd ~\~ 2(uA I - i?Tm <9 r bJa,mn&a) ~\~ -A? 



(5.2) 
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operator in (3.7) by this mass term (in addition to the form of uo. 

detDZ n = d\d 2 + vrid 4 + aln 2 2 + alnl}. 



i. inn). Its determinant is 

(5.3) 



Since D^ n is non-trivial only for m,n — ((f>i,(f) 2 ,ijj), we ^ rs ^ focus on this part. Similarly to 
the previous case, we then make a transformation of the type (3.13) with 



1 

w 



aiw 2 a 2 u>i 
a 2 Wi —a\W 2 
w 



\ 



1 

P{tw) 



(5.4) 



a\w 2 + a 2 w\ = v 2 + a\m\ + a|mf. 



and w 2 

operator as in (3.14) with M, 
m, n = (7, 3 ), we find that 



This gives the same form of the quadratic 
diag(0, w 2 , w 2 ). Combining it with the trivial part from 



where 



det£> 



B 



d 2 {d 2 + v 



2\2 



2(m 1 W\ + m 2 w 2 ) 



w 



2a\a 2 {m\w 2 — ^2^1) 



1 2 



w 



(5.5) 



(5.6) 



Let us move on to the fermionic part. The quadratic fluctuations are described by the 
operator (2.11). We then make an £0(1, 9) transformation as before. In this case, the 
corresponding element of 5*0(1, 9) turns out to be given by (3.16) with the two-spin condition 
(5.1). (Note that l s becomes (0,0, 1).) Proceeding similarly, one also finds that the pfafnan 
of the transformed operator D F is given by the same formulas, (3.25) and (3.26), with 



ai<2 2 ai<2 2 2 2 

P3± = =F oa — HTO1W1 - m 2 w 2 ) , Pa± = =F7777T77 K ( m i ~ m 2> 



(5.7) 



2MW y ' ' ^ 2.1/11 ' 

(M, W are defined as in three-spin case.) To simplify the expression, we further make a 
rotation (3.28), so that /3 3± are removed. We then arrive at 

det k% = (d 2 + v 2 ) 2 + 2M 2 d 2 + 2P 2 M + d 2 a ) + (2z/ 2 + 0\ + M 2 )(/5| + M 2 ) , (5.8) 

where 01 = fi\±. 

Given these results, one can compute the one-loop effective action for the two-spin case. 
Up to and including 0(1/ V), it is given by the same formula as (4.8) and (4.9). In this case, 
M 2 = a\m\ + a^TO^ ~ a(l — «)(to 1 — m 2 ) 2 , where a = J\/(J\ + J 2 ). 

The fluctuations of the SU(2) case are not stable. However, we did not see any signals of 
instability. We also note that the results for the two-spin case with ,J\ = J 2 are obtained by 
setting c 7 = ( J 3 = 0) in the J\ = J 2 three-spin results. These suggest that our computation 
gives a smooth continuation from the stable case, at least at this order. 
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6 SL(2) sector 



There is another interesting class of simple solutions which has one spin in AdS^ and one 
in S 5 [10]. This is called the SL(2) sector. The fluctuations around these solutions are stable 
for large spins. The corresponding gauge theory operators have been identified in [34]. 

6. 1 Solution 

The constant radii solution in the SL{2) sector is given by 

Z = a e tKT , Z 5 = a 5 e i{ur+ka) , Z 1 = ai e i{wT+ma) , (6.1) 

where ao, ai, 05, k, u, w are constant with a 2 , — a\ = 1 and a\ — 1; k, m are integers (when the 
period of a is 2n). Other fields are vanishing. The equations of motion give a constraint 

u 2 = n 2 + k 2 . (6.2) 

Introducing (W 5 , Wi) = (a 5 u,w) and (M 5 , Mi) = (a 5 k,m), the Virasoro constraints read 

a 2 /t 2 = W 2 + M 2 , = W-M. (6.3) 

The conserved charges are the space-time energy, E = y/Xa^K, and the spins in AdS 5 and 
and J = V\w, respectively. 
In the following, we are interested in the large spin limit with k and a = S/J fixed. 
Since the number of the independent parameters are three, we are left with only one free 
parameter. We take v 2 = w 2 — m 2 as this free parameter, and consider the large v limit. 
Some useful relations are m = —ak and, for large u, 

k 2 k 2 
k ~ v[l + —a(a + 1)] , u ~ v[l + — -(2a 2 + 2a + 1)] , 

2 " 2 

«; ~ *[1 + ^a 2 ] , a 2 ^[1-^(1 + a) 2 ], (6.4) 

M 2 ~a(l + a)A; 2 [l-^(l + a)]. 
Note also that J ~ v'Aza 

6.2 Bo sonic fluctuation 

From (2.5), it is straightforward to read off the bosonic fluctuation operator: The S 5 part 
is given by 

DL = diag(«9 2 , d 2 + v 2 , d 2 + v 2 , d 2 + v 2 , d 2 + v 2 ) , (6.5) 
with m,n — (0i, 02, 03, i>, 7), whereas the AdS$ part is 

^ = -?7p^ 2 + 2a;^, D 2 g = diag(<9 2 + k 2 , <9 2 + k 2 ) , 
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with p, q = (t,<f> 5 ,p,0,(f>4). The non-vanishing u im are uj i)tp = -a 5 dit and u} ij<f>5P = a di4> 5 . 
Thus, 



det^L = d 2 (d 2 + u 2 )\ 

detD* q = -d\d 2 + K 2 ) 2 [d A -AalK 2 d 2 T +Aal{ud T -kd a ) 2 }. 



(6.7) 



These give the same characteristic frequencies as in [31]. 

For the large v (or J) expansion, we further make an 5*0(1, 2) rotation of the type (3.13) 
for the (t, 05, p) part. In this case, 



a u a 5 K 



u 



a 5 n a u 
0m 



R p 

5 AL a 



P(-ut) 



(6.8) 



with u 2 = a\u 2 — o\k 2 and P(x) given in (3.11). Then, the fluctuation operator becomes 

Dl = -V Pq d 2 + M pq - 1p am d a , (6.9) 

where M, pq = diag (0,u 2 ,u 2 ) and p cm are defined similarly to the previous cases. Combining 
this with the trivial part from p, q — (9, (f>4), we find that 



det t) B m = -d 2 (d 2 + K 2 ) 2 [(d 2 + u 2 ) 2 - B^(d 2 + u 2 ) + B 2 d] 



with 



B 1 



( 2a a 5 K,k 



Bo = 



'2aZuk\ 2 



u 



(6.10) 



(6.11) 



\ u J 

6. 3 Fermionic fluctuation 

Let us move on to the fermionic part. To simplify the kinetic term, we make an 50(1, 9) 
rotation with 



/ 



q\ 



1 



7x7 



M 



CLqK 





-w s 



\ 



(6.12) 



y -W a nW s /W J 

where a,b — (t, <f> 5 , p, 9, ....) and s = (5,1). After this rotation, one finds the following 
fluctuation operator, 



D, 



^iPl i ^345 | ^023 | J=.123 

a Oi + aa + ca + da , 



with 



Mi 



0: ' H [a 2 k 2 + M 2 ), d 



a = anK — - , c 

M ' 2MW 



a^a^Kuk 
' 2MW 



(6.13) 



(6.14) 
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Here, we have labelled (t, 05, p, 9, p$) as (0, 1, 3, 4, 5) and (0i, ...) as (2, 6, 7, 8, 9). 
With the explicit forms of o a in (3.21), Dp takes a simple form 



A+ 



I), ' ) I • (6.15) 

where 



A F 



( A+ \ / <9_ + i(c + d) a \ 

A+ = 1 , A+ = , (6.16) 

V A+ / V -a d + - i(c - d) ) 

A2 (a, c, d) = Af(a, — c, — d), A^(a, c, d) = Ap(—a, c, cf), and d± — d T ± <9 CT . From these, one 
finds that 

pf Z) F = det Ajdet A^ , 

detAj = detA^ (6.17) 
d 2 + 2i(dd T + cd a ) + (c 2 - d 2 + a 2 )] [d 2 - 2i(dd T + c<9 a ) + (c 2 - d 2 + a 2 ) 

This gives the characteristic frequencies 

uj n = e\d + t 2 \J{n + eic) 2 + a 2 , (6.18) 

with ei,e2 = ±1. Although the parameters (a,c,d) might look different at first from those 
in [31], one can show that they are actually the same (up to signs) by using relations among 
parameters. 

It turns out that we do not have to perform further rotations as in the previous cases. 
However, it is useful to note that the terms with idd T can be removed by a simple "rotation" : 

e ±idT [d 2 ± 2i(dd T + cd a ) + (c 2 - d 2 + a 2 )]e TidT = d 2 + (a 2 + c 2 ) ± 2icd a . (6.19) 



6.4 One-loop effective action 

To compute the one-loop effective action, we collect all contributions, including the ghost 
part, and expand the operators for large z/, to find that 



T« = -Trlog(l + ^-j) +4Trlog(l + 



b 2 + 2icd a 
d 2 + u 2 



(6.20) 



Tr log 



2b 3 b 2 + B 2 dl dl ( 1 

1 + 777" n + 7777" 777 _ -D1777 



d 2 + U 2 (d 2 + U 2 ) 



+ 



d 2\ d 2 + ]y 2 (d 2 + V 2 ) 



with 



7 Z Z l, Z 1 Z Z L ~2 

b\ = k — v , o 2 = a + c — v , 03 = -u — v 



(6.21) 
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Then, up to and including 0(1/ v), the one-loop effective action in this case becomes 

ir (1) ~ +iTLM 2 -C, (6.22) 
where M 2 ~ a(l + a)k 2 and C is given by (4.9). 



7 Correction to space-time energy 

Summarizing, up to and including 0(1/ v) ~ 0(1/ J), the one-loop effective actions are 
given by a universal form, 

ir (1) ~ TiTLM 2 -C, (7.1) 

with the minus sign for the J\ = J 2 three-spin and the two-spin SU(2) cases, and the plus 
sign for the SL(2) case. We call the former two cases the S 5 case in the following. The 
parameter v was defined in (3.2) for the «S 5 case, and above (6.4) for the SL(2) case, which 
was related to the total SO (6) spin by J ~ \f~\v for large v. T and 2-kL were the volumes of 
the world-sheet directions r and a, respectively, whereas C was given by (4.9). M was given 
in terms of the winding numbers by equations below (3.16) and (6.2). It also has a unified 
geometrical expression M 2 = ^rf^G^diX^djX 11 = ^ — det hij with hij the induced metric. In 
terms of spins, this was expressed as 

M 2 = ^G^dixrdjx" (7.2) 

2m 2 Ji/(2Ji + J 3 ) (Ji = J 2 3-spin case) 

a(l - a)(m 1 - m 2 ) 2 , a = J 1 /(J 1 + J 2 ) (SU(2) case) 
a(l + a)k 2 , a = S/J (SL(2) case) 

Formally, the results in (7.1) for the SU(2) and the SL(2) cases are related by replacing the 
filling fractions as a.su{2) — «sl(2) with an identification of mi — m 2 and k. 



7.1 Comparison with the gauge theory side 

From these one-loop effective actions, one can obtain the corrections to the space-time 
energy First, let us note that, in general, a one-loop effective action is interpreted as 

the one-loop correction to the (world-volume) energy with the expectation values of fields 
fixed (see, e.g., [42]). A simple way to confirm this is to express the one-loop effective action 
as a summation over characteristic frequencies (as in (7.12)). In our case, this means that 
is proportional to the one-loop correction to the world-sheet energy: 

r« = -teS ■ (7.3) 
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Second, the correction to the world-sheet energy is translated into that of the space-time 
energy [43] as 



= l -E$ , (7.4) 



because of t — kt. Therefore, up to and including 0(1/ J 2 ), 

/If 2 yr 2 

^ ±c + £>(1/J 3 ) ~ ±^AC (7.5) 

K J 

with the plus sign for the S 5 case, and the minus sign for the SL(2) case. Here and in the 
following, we set L — 1. Comparing these with the classical expressions, 

tj+^M* <*-> 

[ S + J + A — y— + £>(A 2 / J 3 ) (SX(2) case) 

one finds that the M 2 -dependence of is the same as that of the first subleading term in 
the classical expression. 

One can also compare (7.5) with the gauge theory results. On the gauge theory side, the 
corresponding quantity is the 1/ J correction to the anomalous dimension at order A [32] -[36], 

7 {1) = ±^ [M 2 + K SL{2) , SU(2) (M 2 )} , (7.7) 

where Ksl(2),su{2){M 2 ) are certain functions of M 2 and called the "anomaly" terms [32, 36]. 
Thus, E^ has the same M 2 -dependence of the first ("zero-mode") term of Note that, if 
C(+ possible contributions from finite counter terms) ~ 1/u, the J- and the A-dependences 
also match: E^ ~ AM 2 / J 2 . In addition, the zero-mode (n = 0) part of C, i.e., l/2z/, gives 
exactly the same contribution to E^ as the zero-mode term of 7^. 



7.2 Relation to the results in the literature 

In the literature, the one-loop correction to the space-time energy has been studied by 
summing up the characteristic frequencies. It was computed numerically for the J\ = J 2 
three-spin case and the SU(2) case with two equal spins in [30], and for the SL(2) case in 
[31]. The result of the SL(2) case was matched with the 1/J correction to the anomalous 
dimension (7.7) including the anomaly terms [32]. An agreement was also found in the SU(2) 
case with two equal spins, up to subtleties due to the instability. Thus, in these cases, 

4!lature = 7^ • (7-8) 

This is to be compared with our result (7.5). First, the zero-mode parts of -EutLaturc are the 
same as those on the gauge theory side in (7.7) [32] and hence as ours. However, the full 
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expression of literature an d the numerical results in [30] do not have a simple polynomial 
dependence on the winding numbers or M 2 . As for the J-dependence, if we evaluate C by 
a simple summation explained below (4.9), C ~ 1/2 and the J-dependence does not match, 
either. (However, see the discussions below (4.9) and (7.7).) Thus, the results in the literature 
and ours appear to be different. In this subsection, we would like to discuss this point in 
more detail. 

First, we note that a one-loop effective action may be in general expressed either as a 
functional determinant (or a trace as in (7.9)), or as a summation over characteristic frequen- 
cies (as in (7.12)). Thus, our method is equivalent to those in [30, 31] before the summation. 
The agreement of the zero-mode contributions supports this. The apparent difference of the 
results is then understood as due to the difference of the methods of evaluation of the same 
quantity and extraction of its large J behavior. We have used the effective action language, 
since this is a useful tool for our purpose. In terms of it, the point of our method may be 
summarized as a choice of convenient functional bases for evaluating the one-loop effective 
action and space-time energy. 

In order to see how apparent parameter dependence looks different depending on the way 
of evaluation and expansion, it may be useful to consider a simplified example of a one-loop 
effective action, 3 

iF™ = Tr log(<9 2 + u 2 ) + Tr log(<9 2 + v 2 + 2A; 2 ) - 2 Tr log(<9 2 + v 2 + k 2 ) , (7.9) 

with v large and k of order one. Following our computations in the previous sections, one 
can combine all terms, to find 

/ Ik 2 s k 2 \ 

<r« = Tr log(l + WT -,) - 2 Tr log(l + . (7.10) 

The expansion of the logarithms gives a well-defined large v expansion. For example, the 
first non-trivial term is 

where we have approximated the sum by an integral, and c — J dx(x 2 + 1)~ 3 / 2 = 2. 

On the other hand, by a standard procedure, is written as a sum over characteristic 
frequencies as 

ir« ~ iTJ2 UpI + » 2 + \jvl + " 2 + 2A; 2 - 2yjp* n + v 2 + k 2 ) , (7.12) 

n ^ ' 

up to an additive constant. Following [31, 32], one may expand each term with respect to 
1/z/ 2 , to find 

ffW^T^E^. (7-13) 

n 3=1 v 



3 For the purpose of this subsection, one may take an even simpler example such as Trlog(9 2 + u 2 + k 2 ) — 
Trlog(<9 2 + v 2 ), although this is logarithmically divergent. 
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with Cj(p n , k) 2j-th polynomials of p n and k. The parameter dependence of (7.13) is in fact 
very different from that of (7.11). 

Here, we would like to make a comment on the expansion in (7.13). Although the original 
series is convergent, p n in the summation can be larger than u, and the terms with larger j 
become potentially more divergent. 4 This subtlety can be rephrased also as follows. First, 
let us define 

/(*) = r«/(TV) = £ g n (s) , (7.14) 

n 

where s = \jv 2 and g n (s) = yl + sp 2 n + \jl + s(p 2 n + 2k 2 ) - 2^1 + s(p 2 n + k 2 ). The above 
expansion corresponds to the expansion of f(s) around s = ( J = oo), 

f(s) = /(0) + sf'(0) + ■ ■ ■ 

~ *ESn(0). (7.15) 

n 

Note that, to obtain the last expression, one needs to use /'(0) = J2 n 9n(fy- By a basic 
result of analysis, a (sufficient) condition for such termwise differentiability is the uniform 
convergence of J2 n 9n( s ) around s = 0, in addition to the pointwise convergence of J2n9n{s) 
there. However, for large n, g n (s) ~ \fsk A j (p n ) 3 and hence g' n {s) ~ k A / \\fsp\) , which implies 
that J2n9n( s ) 1S no ^ uniformly convergent around s = 0. Since larger and larger n becomes 
relevant as s approaches zero, it seems to be difficult to study this subtlety numerically. 5 

In addition, to consider the relation between expansion methods and parameter depen- 
dence further, it may also be useful to observe what would happen if we did not make the 
rotations of the functional bases which we had performed to make the large J expansion 
well-defined. For example, in the SL(2) case, if we use D l vq in (6.6) instead of D l pq in (6.9), 
we have 

4 In this example, c\ = 0, whereas, in the original case in [31, 32], the first term in the expansion gives the 
finite leading correction. Regarding the divergences for Cj>2, see a footnote in [32]. 

5 Although the characteristic frequencies take different and more complicated forms, the expansion coef- 
ficients of in [31] are divergent as in (7.13), except in the leading term. Thus, the expansion is not 
defined. We also remark that the order of limits, i.e., linijv^oo first and then v (~ J) — > oo, has been 
changed in the expansions in [31] and (7.13). In the numerical computation in [30], a summation of the form 

s = E n /( n / K ) is nrst split into tw o parts as S = (J2\ n \<N+i + J2\ n \>N+i)f( n / K ) = Si + S 2 - Si is then 
numerically evaluated, whereas S2 is regarded as the error. To estimate S2, an approximation by an integral 
in [29] is used: f(xi) = J x l+1 dx g(x) + 0(1/k 5 ) , where g(x) is a certain function, and x% — rii/n. Although 
£2 is estimated in [30] as S 2 — Jn/ k dxg(x) + C(1/k 5 ), the above approximation of f(xi) by an integral is 
just for a single term f{x{) and thus the total error for S 2 derived from it is 0(L/k 5 ), where L is the number 
of terms in £2. Since L = 00 in this case, the estimation of the error should be refined. In fact, the quantum 
corrections in Fig. 1-5 in [30] at q — (s'z = in our notation) do not vanish, although it should vanish since 
q = corresponds to the point-like BPS (BMN) solution. 
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instead of the second line in (6.20). Here, 2 are of order one, b' 3 is of order u, and we have 
used (4.6). Suppose that one can expand the logarithm. Then, evaluating the //-dependence 
similarly to section 4, one finds that there are infinitely many terms up to and including 
0(1/ u) due to the infrared behavior. Thus, this expansion may not be valid in general. A 
formal expansion gives 

irW ~ iT^-[c[ + c' 2 (kL) 2 + c' 3 (kL) 4 • •• ] , (7.17) 

with c'j some constants. The which is read off from this scales as 1/ J 2 and has 
complicated /c 2 -dependence as in (7.7) with the anomaly terms. 

We have discussed how the difference between our results and those in the earlier works 
arises. Actually, our work is an attempt to overcome the difficulties in the earlier works 
discussed above. In our method, the one-loop effective action and space-time energy can be 
computed as a systematic and well-defined expansion of 1/J including higher order terms. 
It is also possible to obtain closed forms of the expansion coefficients such as C in (4.9). 

As discussed at the end of section 4, one has to regularize infinities in the intermediate 
calculations, and the final finite part should be fixed so as to maintain the symmetry of the 
theory. (Note that this issue is common to the methods in the earlier works.) In fact, one can 
confirm that our results maintain the symmetry: the final result is compactly expressed as a 
geometrical invariant (see (7.2)) and correctly vanishes in the BPS cases (m,mi )2 , k = 0). It 
is an interesting question if there are further possibilities to shift the finite part while keeping 
the symmetry maintained. Also, a very non-trivial agreement of the string and the gauge 
theory results is found in [32] based on [31], in spite of the difficulties in [31] concerning the 
large world-sheet momenta n ^> J. Therefore, the excitation modes with large n would be 
important to understand the differences among our results, those in [30, 31] and those in the 
gauge theory. Note that such high excitation modes are not well-understood in the context 
of AdS/CFT correspondence. For example, it is not known to what these correspond on the 
gauge theory side even in the pp-wave case. 

8 Conclusions 

In this paper, we discussed quantum fluctuations of the constant radii rotating strings 
in AdS 5 x S 5 . Using a functional method, we developed a systematic method to compute 
the one-loop sigma-model effective actions in closed forms as expansions for large spins. A 
point was the change (rotation) of functional bases to make the expansion well-defined. As 
examples, we explicitly evaluated the leading terms (up to and including 0(1/ J)) for the 
strings in the 5*0(6) sector with two equal spins, the £77(2) sector, and the SL(2) sector. 
We would like to note that, in our method, it is straightforward to compute higher order 
terms (up to any given order, in principle). We moreover obtained the one-loop corrections 
to the space-time energy up to and including 0(1/ J 2 ). Comparing these with the finite 
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size corrections to the anomalous dimension on the gauge theory side, we found that the 
dependence on the winding numbers and the filling fractions agreed with that of the "non- 
anomalous" (zero-mode) part on the gauge theory side. Relation to the earlier results in the 
literature was also discussed. 

An obvious future direction is to probe quantum effects for more general cases such as 
the folded and the circular solutions in [6], by generalizing the method in this paper. In fact, 
this was one of the original motivations of this work. Also, the comparison with the results 
on the gauge theory side or in [31, 32] indicates that it is important to understand the issue 
of the order of limits, as has been pointed out in the literature of the rotating string/spin 
chain correspondence. 
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Appendix : Evaluation of C 

In this appendix, we explain how to evaluate C in (4.9) for large v. As discussed in section 
4, the result can depend on the way of calculation (regularization). 

First, we evaluate C by first summing the terms in the parenthesis in (4.9) for given n 
and then summing over n. This sum can be approximated by an integral using the Euler- 
Maclaurin formula, 

N 

J2f(a + n5) (A.l) 

?1=0 

1 ra+NS 1 A 

= - jf f(x) dx + -[/(a) + f(a + N5)} + ^[f'(a + N6) - /'(a)] + 0(Pf) , 
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where the prime stands for the derivative. Setting 5 = 1/{vL) and f(x) = 5 ■ ( a / H 2 1 ^ 2 — x), 

V X -pi 

we then find that, for large N, 

N J 
f fnA^ = -I i_ 

_ 6(i/L)* V (z/L )3' N 



A 11 1 7//~ 

C ~ - 2 + 2 1 ; /M = + + + ( ) . (A.2) 



Since /"(#) is bounded for x G (0, oo), the error does not grow, as discussed in section 4. 

Second, for example, we may also adopt the zeta- function regularization (see, e.g., [44]) 
for each divergent sum in C. For this purpose, we introduce 

i | roo „ 

*'^5(^F=fwl «.«-«- ■«.<»/*>, (A.3) 

where \x > and 6 3 (t) = J2ncz q ,n ^ 2 with g = e 2mT . The second equation gives an ana- 
lytic continuation in z. We then make a change of variables, u = n 2 s, perform the modu- 
lar transformation 0z(t) = (— ir) -1 / 2 ^ — 1/r), and expand the resultant theta function as 
Oz^infi 2 /u) = 1 + 2J2 n =i e~^ n ) 2 / M . After the integration, the terms from the sum over n > 1 
are expressed by a Bessel function as Y^(t J, / nn ) l ^ 2 ~ z Ki^-z&'K nn) . These are exponentially 
suppressed for large fi, since K v (x) ~ x~ 1 / 2 e~ x for large x. Thus, we find that 

C(z, /i) = ^- 2z B(± z- l -) + 0(pt- z e- 2 ^) (A.4) 

for large /i, where B(x, y) is the beta function. Applying this to each sum in C, we encounter 
some singular expressions at intermediate steps. We regularize them by shifting z as z + e. 
Consequently, 

C - [C{-\ + e, vL) - \(vL) 2 a\ + e, vL) - 2C(-1)] . (A.5) 

Carefully taking the limit e — * 0, we find that the leading contributions from the first two 
terms cancel each other, and 

1 1 p — 2ivvL 
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